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A nonlinear programming (NLP) framework is developed to determine optimal oper-
ating policies for hybrid fuel cell/gas turbine power systems. The approach consists of
a dynamic model of the power plant, reformulated as an index one differential alge-
braic equation (DAE) system. A dynamic optimization framework is developed where
the constraints include the dynamic model of the plant. The system model is then dis-
cretized using Radau collocation on finite elements and formulated in the AMPL mod-
eling environment. This allows for the straightforward solution of dynamic optimization
problems using large-scale NLP solvers. IPOPT is the NLP solver used in this study.
Program links were provided to Matlab/Simulink to visualize and interpret the results.
The formulation of a dynamic optimization problem was focused on determination of
optimal operating trajectories for tracking power plant load variations. Efficiency
measures were also included as a part of the dynamic optimization problem to maxi-
mize efficiency while tracking the desired load profile. Results from 18 case studies
show that the dynamic optimization can be performed quickly with excellent results.
The applicability of the dynamic optimization framework for the estimation of feed fuel
concentrations is also demonstrated. � 2007 American Institute of Chemical Engineers
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Introduction

Fuel Cell/Gas Turbine (FC/GT) systems embody an ap-
proach to using fossil fuels efficiently, cleanly, and afford-
ably for production of electricity.1 The FC/GT power plants
are expected to have negligible emissions while achieving
projected efficiencies of 75% based on the fuel’s lower heat-
ing value (LHV) for natural gas.2 As an alternative to natural
gas, these systems can also be configured to operate on fuels
such as coal gas or biomass derivatives (such as from wood
gasification or waste-water treatment plants).3

FC/GT hybrid systems have a high degree of coupling

between fuel cell, gas turbine, and heat recovery units. The

overall dynamics are nonlinear with varying degrees of inter-

dependencies among the processes. The design of an FC/GT

hybrid power plant has to address the operational constraints

and details of the component performance characteristics.4

Dynamic simulation has proven to be a powerful design

tool for the study of the transient behavior of FC/GT hybrid

systems.5 Additionally, dynamic modeling provides a plat-

form for investigating advanced control algorithms and

dynamic optimization routines during the design phase. The

utility of dynamic simulation of fuel cell systems in the

design of various fuel cell power plants has been explored

elsewhere.6
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The dynamic operation and control of FC/GT hybrid
power plants requires a synergy of operation among subsys-
tems, increased reliability of operation, and reduction in
maintenance and downtime. The control strategy plays a sig-
nificant role in system stability and performance as well as
ensuring the protection of equipment for maximum plant
life.7,8 In particular, optimal profiles are required for load
changes, dynamic scheduling of setpoints, and feedforward
control moves for the system controllers, as well as estima-
tion of disturbances and data reconciliation.

The primary objective of this article is the development,
implementation/solution, and documentation of a dynamic
optimization framework for FC/GT hybrid power plants. To
enable dynamic optimization of these systems, a simultane-
ous problem formulation was implemented and coupled to a
large-scale nonlinear programming (NLP) algorithm. Using
this framework, various operating scenarios, such as increas-
ing and decreasing load changes at different rates, were opti-
mized. The dynamic optimization framework is also modified
to maximize plant efficiency while tracking the desired load
profile. Furthermore, this formulation was demonstrated for
the estimation of variations in fuel composition.

Process Description

FC/GT systems are combined cycles composed of integration
of a high temperature (>873 K) fuel cell, either a Molten Car-
bonate Fuel Cell (MCFC) or Solid Oxide Fuel Cell (SOFC),
and a gas turbine. The FC/GT cycle based on a variant of
MCFC technology with internal reforming capability (under the
trade names Direct FuelCell1/Turbine and DFC/T1) has taken
a lead in responding to recent demands for increased fuel-to-
electric power conversion efficiency. Recently, factory tests of
an Alpha DFC/T hybrid power plant, fabricated by integration
of a 250kW Direct FuelCell1 (DFC1) stack with a 60kW Cap-
stone MicroTurbineTM, was successfully concluded with a near
record setting performance.9 The Alpha DFC/T hybrid power
plant achieved a power generation level of greater than 320 kW
at 56% (LHV) while operating on natural gas. Figure 1 shows
a simplified process flow diagram.

The key feature of this process is a high level of integra-
tion between the fuel cell subsystem and the turbine subsys-
tem. The turbine provides process air to the fuel cell, while
the fuel cell provides heat to the turbine. Both subsystems
produce electric power. Power from the turbine is produced
in a high-speed generator; DC power from the fuel cell is
inverted to AC prior to being sent to the utility grid.

In the fuel cell subsystem, feed water humidifies natural
gas in a humidifier/heat exchanger (HH) prior to entering the
fuel cell anode. In the anode methane is reformed into hydro-
gen and carbon dioxide, and its chemical potential is con-
verted to electrical energy. The anode exhaust, which con-
tains some unreacted fuel, is mixed with hot air and oxidized
completely in the anode gas oxidizer (AGO). An oxidizer
bypass (dotted line) facilitates temperature control of the oxi-
dizer. Hot effluent from the oxidizer heats the turbine inlet,
enters the fuel cell cathode, preheats the compressor outlet,
and finally provides heat to the humidifier.10,11

In the turbine subsystem, ambient air is first compressed
and then preheated in a low temperature recuperator (LTR)
using fuel cell waste heat. The compressed hot air is heated

further using a high temperature recuperator (HTR) located
between the oxidizer and the fuel cell cathode. An HTR
bypass (dotted line) facilitates temperature control of the
cathode inlet temperature. Hot air leaving the HTR is
expanded through the turbine section before being sent to the
AGO. The turbine drives both the compressor and a perma-
nent magnet generator. During system startup additional heat
is provided by an electric heater (EHTR), and the generator
works as a motor as long as the turbine cannot provide suffi-
cient torque to operate the compressor.

Overview

The article is organized as follows. The next section gives
an overview of the modeling approach, the dynamic simula-
tion, and the conventional control strategy. An introduction
to the dynamic optimization problem is presented in the third
section, along with details of the mathematical reformulation
of the model, which is a prerequisite for dynamic optimiza-
tion. Subsequent to a detailed discussion of the framework
for optimal operating policies, several case studies are pre-
sented in the fourth section. In the fifth section, we present
an extension of the dynamic optimization framework for
online composition estimation along with some case studies.
We conclude the article in the last section along with direc-
tions for future work.

Dynamic Process Model

Direct FuelCell

The principle of the internally reformed carbonate fuel cell
is shown in Figure 2. The carbonate fuel cell uses alkali
metal carbonate mixtures as the electrolyte to transfer ions
between the fuel cell electrodes. The basic electrochemistry,
as illustrated in Figure 2, involves formation of carbonate
(CO3

¼) at the cathode by the combination of oxygen, carbon
dioxide, and two electrons; transport of the carbonate ions to
the anode through the carbonate electrolyte; and finally, reac-
tion of carbonate ions with hydrogen at the anode, producing
water, carbon dioxide, and two electrons. Carbon monoxide
can also be utilized as a fuel.

Figure 1. Flow diagram of FuelCell Energy’s Direct
FuelCell/Turbine1 (DFC/T1) hybrid system.

[Color figure can be viewed in the online issue, which is
available at www.interscience. wiley.com.]
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The fuel cell is described by a lumped parameter model,
where the anode and cathode are modeled as well mixed vol-
umes with interchange of mass (ions) through the electrolyte
matrix separating the two sides. Seven chemical components
are considered in this study and identified by the set NC ¼
{H2, CH4, CO, CO2, H2O, N2, O2}. This leads to 7 differen-
tial mole balance equations in both the anode and cathode
(k¼{a,c}), given by:

dxk;i
dt

¼
_Nin
k ðxink;i � xk;iÞ � xk;i

P7
j¼1

Rk;j þ Rk;i

Nk

� f k;i
Nk
; 8i 2 NC; k 2 fa; cg ð1Þ

where _Nin
k and xk,i

in are the inlet molar flowrate and composi-
tion into the anode/cathode compartment, respectively, Nk

and xk,i are the total moles and the composition in the anode/
cathode compartment, and Rk;i represents the rate of produc-
tion of species i [ NC in the anode/cathode due to chemical
and electrochemical reactions. The functions fk,i are defined
to simplify the notation in this work.

Three reactions take place in the anode: (1) steam refor-
mation, (2) water-gas shift, and (3) the electrochemical half
reaction. In the cathode, only the electrochemical half reac-
tion takes place.

In the first reaction, methane is reformed with steam to
carbon monoxide and hydrogen:

CH4 þ H2O ! CO þ 3H2

The methane reforming reaction is assumed to be at equilib-
rium. The equilibrium expression is given by:

K1 ¼ expðE3 � E4=TÞ
expðE1 � E2=TÞ ¼ p2a

xCOðxH2
Þ3

xCH4
xH2O

(2a)

In the second reaction, carbon monoxide reacts with water
to form carbon dioxide and hydrogen:

COþ H2O ! CO2 þ H2

This reaction is very fast and is also assumed to be at equi-
librium:

K2 ¼ expðE1 � E2=TÞ ¼ xCO2
xH2

xCOxH2O

(2b)

These two reactions are lumped together with the anode
reactions. Because these reactions are at equilibrium, the reac-
tion rates r1 (reforming) and r2 (water-gas shift) are not
known directly, and are determined in the third section as
part of the reformulation of the differential algebraic equation
(DAE) system. Finally, electrochemical reactions occur at the
anode and cathode. For the MCFC the cell reactions are:

Cathode : 1=2 O2 þ CO2 þ 2e� ! CO2�
3

Anode : H2 þ CO2�
3 ! H2Oþ CO2 þ 2e

The rates for the above electrochemical reactions are given
by Faraday’s law of electrolysis:

r3 ¼ istackAcellncell
2F

where istack is the stack current density, Acell is the active cell
area, ncell is the number of cells in the stack, and F ¼ 96485
C/mol is the Faraday constant.

In summary, the reaction rate vectors whose elements
appear in Eq. 1 for the anode and cathode are given by:

Anode : Ra ¼ ½3r1 þ r2 � r3;�r1; r1 � r2; r2 þ r3;�r1 � r2

þ r3; 0; 0�T

Cathode : Rc ¼ ½0; 0; 0;�r3; 0; 0;�0:5r3�T

Assuming that energy accumulates only in the stack solid
mass, gas mixtures are ideal, and exit stream temperatures
are equal to the solid stack temperature, the energy conserva-
tion equation is:

Figure 2. Internally reformed carbonate fuel cell princi-
ple of operation.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

dTstack

dt
¼

P
k¼a;c

_N
in

k

P7
i¼1

ððxk;i �hk;iÞin � ðxk;i �hk;iÞÞ �
P

Rk;i

Pðxk;i �hk;iÞ
� �

� Pdc � Qloss

ðmcpÞs þ 1
Tstack

P
k¼a;c

_N
in

k

P7
i¼1

ðxk;i �hk;iÞ
� � � fT (3)
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where m is the total stack mass, cp(T) is the average stack
heat capacity, hk,j is the molar enthalpy of component i in
anode/cathode, Pdc is the stack DC power, and Qloss is the
heat loss. Molar enthalpies are computed as a function of
temperature from the heat capacities, and Pdc is given by
the product of stack current, cell voltage, and number of
cells.

Constitutive equations for the average cell voltage are
based on the Nernst equation as well as empirical relation-
ships for activation, concentration, and ohmic polarizations
of the form:

Vcell ¼ f ðistack; Tstack; pa; pcÞ (4a)

Pdc ¼ ncellVcellistackAcell (4b)

where pa and pc are the respective anode and cathode pres-
sures.12 A complete set of stack model equations and transient
validation against a sub-scale test stack is provided in ref. 13.

Balance-of-plant and micro-turbine

In addition to the micro-turbine, balance-of-plant (BOP)
components in the DFC/T hybrid system include the humidi-
fier, heat exchangers, and the anode gas oxidizer (AGO).
Heat exchangers are modeled via a steady-state energy bal-
ance using the e-NTU method14 and the heat transfer coeffi-
cients derived from the process specifications in the Alpha
DFC/T power plant. The humidifier model is assumed to be
a steady-state unit operation comprising a water evaporator,
a mixer for mixing steam and natural gas, and a heat
exchanger for heating the humidified natural gas. Because
the AGO operates with a high air-to-fuel ratio, complete oxi-
dation of the CH4, CO, and H2 exhaust from the anode is
assumed. The differential equations for mass and energy are
simplified versions of Eqs. 1 and 3, respectively. A detailed
description for these types of component models can be
found in ref. 15.

The modified Capstone C60 MicroTurbineTM Generator is
composed of a permanent magnet generator (PMG), a com-
pressor, and a turbine mechanically linked to a common shaft
and thermodynamically linked to the fuel cell process. The
shaft is modeled via Newton’s second law for rotation:

J
do
dt

¼
X

ti ¼ tT � tC � tG (5a)

where J is the turbine’s moment of inertia; o is the angular
speed of rotation; and tT, tC, and tG are, respectively, the
torques of turbine, compressor, and generator. The torques of
turbine and compressor are computed from steady-state
energy balances according to:

tT;C ¼ PT;C

o
¼ ṁCT ½�hðTout

T;CÞ � �hðTin
T;CÞ�

o
(5b)

where ṁCT is the mass flow through compressor and tur-
bine, obtained from proprietary operating maps. The outlet
temperatures of compressor and turbine are obtained from
the definitions of the isentropic efficiencies of compres-

sion and expansion, which are computed from the operat-
ing maps:

ZC ¼ ðTout=TinÞ � 1

ðpout=pinÞ1�1=k � 1

and

ZT ¼ ðpout=pinÞ1�1=k � 1

ðTout=TinÞ � 1

The PMG generates AC power at a variable frequency that
is a function of the rotor speed. To convert this into grid AC
at 480V/60Hz, the AC power is first rectified to DC power
and then inverted to AC power of the desired properties. As
the dynamics of the rectification are very fast, they can be
neglected. To simplify the model, the permanent magnet gen-
erator and rectifier are approximated as a DC motor.15 DC
power is then inverted to grid AC assuming a fixed inverter
efficiency. The generator torque is given by:

tG ¼ KmIG

where Km is the armature constant and IG is the generator
current, which is computed from Ohm’s Law as a function
of terminal voltage Vt, the induced voltage Vemf, and the ar-
mature resistance R:

IG ¼ Vemf � Vt

R

where the back electromotive force Vemf is proportional to
the angular rate of rotation:

Vemf ¼ Kbo

Dynamic simulation and conventional control strategy

A dynamic model for the DFC/T system is implemented
in Matlab/Simulink using a modular approach (Figure 3).
Each unit operation is implemented as a separate Simulink
block. As the framework is modular, different system con-
cepts can easily be put together and tested. Since the overall
power plant model is a DAE system, initial conditions are
required for dynamic simulation purposes. Initial conditions
are based on state values during nominal operating condi-
tions. In addition, special attention has been given to making
the code robust to inconsistent initial conditions. The simula-
tion includes only principal dynamics, excluding noise or
other exogenous disturbances besides electrical loading. In
the conventional operating mode, control loops are closed
using standard PID elements for the following controlled var-
iables: stack power, fuel flow, water flow, cathode inlet tem-
perature, and micro-turbine speed.

The overall control strategy is implemented by the follow-
ing control loops:

(1) Stack power is controlled by manipulating the stack
current density (istack). Alternatively, this loop can be opened
and the stack current density determined based on the power
demand. This would result in istack being a control variable
for dynamic optimization purposes.
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(2) Based on off-line generated look-up tables that have
been optimized for fuel cell stacks, natural gas fuel flow is
controlled to a current-dependent setpoint, which corresponds
to target fuel utilization. We will continue to impose this
relationship for the dynamic optimization problem. As a
result, the problem of determining the optimal feed flow is
transformed to a problem of determining an optimal istack tra-
jectory.

(3) Steam flow is controlled to maintain a target steam/
fuel ratio. Steam flow is controlled as a function of methane
flow to prevent carbon deposition on the fuel cell’s catalyst.
This steam-to-carbon ratio is a function (look-up table) of
the stack current density. As a result, the steam flow is indi-
rectly controlled by manipulating the stack current density.

(4) Stack cathode inlet temperature is controlled directly
by the HTR bypass valve (fHTR) and indirectly by the AGO
bypass valve (fAGO; see Figure 1). Depending on the need,
auxiliary heat (QEHTR) can also be provided by an electric
heater. The load-dependent cathode inlet temperature setpoint
is increased at part-load to compensate for lower cell exo-
thermic heat.

(5) Speed control of the micro-turbine is built into Cap-
stone’s control system such that the DFC/T’s control system
only provides a speed setpoint. In this model, speed control
is accomplished by manipulating the generator’s terminal
voltage (VT), which is a common control strategy for DC
motors.15

Dynamic Optimization

Reformulation for dynamic optimization

The process optimization model is based on the existing
Simulink model. This DAE model was reformulated to index
one using the method of Mattson and Söderlind,16 discretized
with an implicit Runge-Kutta method (Radau collocation),17

and implemented (modeled) in AMPL.18 The DAE model of
the stack (mass and energy balances Eqs. 1–3) can collec-
tively be represented as follows:

Mðy; tÞ dy
dt

¼ f ðy; tÞ (6)

where

M ¼

NcI

1

NaI

0

0

2
6666664

3
7777775
; y ¼

xc

Tstack

xa

r1

r2

2
6666664

3
7777775
;

f ¼

f c

f T

f a

K1xa;2xa;5 � xa;3ðxa;1Þ3p2a
K2xa;3xa;5 � xa;4xa;1

2
6666664

3
7777775

ð7Þ

where Na and Nc are the anode and cathode molar hold-ups,
respectively; xa and xc are the anode and cathode mole frac-
tion vectors, respectively; K1 and K2 are the equilibrium con-
stants for the reformation and water gas shift reactions,
respectively; Tstack is the absolute stack temperature; and pa
is the absolute anode pressure.

The first step in the reformulation is the introduction of
new algebraic variables:

�y ¼ dy

dt
(8a)

This transformation converts the above system to an alge-
braic equation:

Mðy; tÞ�y ¼ f ðy; tÞ (8b)

The two algebraic equilibrium relations in Eq. 7 are differen-
tiated with respect to T:

dK1

dT
�Tstackxa;2xa;5 þ K1�xa;2xa;5 þ K1xa;2�xa;5

� ½�xa;3ðxa;1Þ3 þ 3xa;3ðxa;1Þ2�xa;1� � p2a ¼ 0 ð9Þ
dK2

dT
�Tstackxa;3xa;5þK2�xa;3xa;5þK2xa;3�xa;5��xa;4xa;1�xa;4�xa;1¼0

(10)

and are added to the algebraic system (Eq. 8b). Because two
equations were added, two other equations need to be elimi-
nated, such as from the anode mass balance. In this case, the
equations for hydrogen and methane, xa,1 and xa,2, were elim-
inated from the set of equations (Eq. 8a). To make the DAE
system consistent with the constraint:

X7
i¼1

xa;i¼1 (11a)

xa,3 is obtained from the above equation. In turn, a third
equation (mass balance ODE for xa,3) was eliminated. These

Figure 3. Modular DFC/T Simulink process model.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

464 DOI 10.1002/aic Published on behalf of the AIChE February 2007 Vol. 53, No. 2 AIChE Journal



quantities can be calculated directly from the algebraic equa-
tions. A new set of variables is defined by the following
equations:

z¼
xc
T
w

2
4

3
5; w¼

xa;4

..

.

xa;7

2
64

3
75 and �w¼

�xa;4

..

.

�xa;7

2
64

3
75; �z¼

�xc
�T
�w

2
4

3
5 (11b)

resulting in a set of differential equations:

dz

dt
¼�z (11c)

The initial conditions for the differential variables, z(0),
can now be set independently; and the algebraic variables,
r1, r2, xa,1, xa,2, xa,3, and y can be solved from Eqs. 8–11.

To improve the calculation efficiency and accuracy in
AMPL, the DAE system is scaled using the following techni-
ques:

1. The models consist of different variables of varying
scales. To facilitate convergence of the optimization rou-
tine to meaningful values, the variables and the con-
straints were scaled using a single scaling factor y:

Tscaled ¼ T

y
; �hscaled ¼

�h

y
; cpscaled ¼

cp
y
; ẋscaled ¼ y

dx

dt

� �
ð12Þ

2. Because K1 and K2 have very small values, a logarithmic
transformation is used for efficient numerical calculations.
Rather than K1 and K2, their logarithms are used directly:

log xa;1 ¼ lnK2 þ log xa;3 þ log xa;5 � log xa;4 ð13aÞ

log xa;2 ¼ � lnK1 þ 3ðlnK2Þ þ 4ðlog xa;3Þ þ 2ðlog xa;5Þ
� 3ðlog xa;4Þ þ 2½logðpÞ� ð13bÞ

Heat exchangers were modeled with e-NTU formulations
(see ref. 14), which require calculation of max((mcp)a, (mcp)b)
and min((mcp)a, (mcp)b) for two exchanging streams a and b.
These non-smooth operators were handled through the
smoothing approximations:

maxððmcpÞa; ðmcpÞbÞ � ðmcpÞb
þ0:2 logeð1þ e�5ððmcpÞb�ðmcpÞaÞÞ ð14aÞ

minððmcpÞa; ðmcpÞbÞ � ðmcpÞa
�0:2 logeð1þ e�5ððmcpÞb�ðmcpÞaÞÞ ð14bÞ

The remaining dynamic models for oxidizer, micro-turbine,
and PID controllers were implemented according to similar
guidelines as the stack model. Additional static models, such
as mixers, splitters, micro-turbine operating maps, and look-
up tables for fuel cell stack operation, are implemented as
nonlinear constraints. All models, dynamic and static, follow
the same modular approach as the Simulink model, with con-
nections between unit operations modeled via a separate set
of equations. This implementation facilitates easy adjustment
to changes made to the process flow diagram or conventional
control structure.

The overall model of the plant can be described by a sys-
tem of DAEs. This DAE system also includes algebraic
equations that represent the actuator-saturation behavior asso-
ciated with controllers for output a(t), given by the relations
similar to:

aðtÞ ¼
0 if bðtÞ < 0

bðtÞ if bðtÞ 2 ½0; 1�
1 if bðtÞ > 1

8<
:

where b(t) is the input to the actuator. Such actuator-satura-
tion equations are a source of discontinuities. We model
these equations by using complementarity constraints19

derived from the relations:

aðtÞ ¼ z2ðtÞ þ ð1� z1ðtÞ � z2ðtÞÞbðtÞ
z1ðtÞ ¼ arg min

0�z�1
fbðtÞzg 8 t

z2ðtÞ ¼ arg min
0�z�1

fð1� bðtÞÞzg 8 t

Such complementarity constraints can easily be handled
within the framework of AMPL and IPOPT.20

Dynamic optimization framework

Constraints and bounds on the various states, such as stack
and oxidizer temperatures, have to be respected while per-
forming optimization studies. Such constraints appear as in-
equality constraints. The objective function (and some addi-
tional constraints) depends on the nature of the optimization
problem. Since the plant model is a DAE system, the result-
ing optimization problem is a dynamic optimization problem,
which can be stated as follows:

Min Fðzðtf Þ; yðtf Þ; tf ; qÞ

s:t F
dz

dt
; zðtÞ; yðtÞ; uðtÞ; t; q

� �
¼ 0; zð0Þ ¼ z0

GsðzðtsÞ; yðtsÞ; uðtsÞ; ts; qÞ ¼ 0

zL � zðtÞ � zU

yL � yðtÞ � yU

uL � uðtÞ � uu

qL � q � qu ð15Þ

where F is a scalar objective function at final time tf, F are
DAE constraints, Gs are additional point conditions at times
ts, z(t) are differential state profile vectors, y(t) are algebraic
state profile vectors, u(t) are control state profile vectors, and
q is a time independent parameter vector.

To solve this problem, we apply a full discretization
(simultaneous) method.21 This approach discretizes all variables
of the DAE system and generates a large-scale NLP that is
then solved using a solver tailored for such applications.
With this approach, the DAE system is not solved at each
NLP iteration; it is only solved at the optimum. The simulta-
neous approach has advantages for problems with state vari-
able (or path) constraints and for systems where instabilities
occur for a range of inputs. In addition, the simultaneous
approach can avoid intermediate solutions that may not exist,
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are difficult to obtain, or require excessive computational
effort.

In this formulation, the continuous time problem is con-
verted into an NLP by approximating the profiles as a fam-
ily of polynomials on finite elements. Here we use a collo-
cation form with monomial basis functions for the differen-
tial profiles. All of these representations stem from implicit
Runge-Kutta formulae17; the monomial representation is rec-
ommended because of smaller condition numbers and
smaller rounding errors. Control and algebraic profiles, on
the other hand, are approximated using Lagrange poly-
nomials. These methods offer a number of advantages,
including:

� Control variables can be discretized at the same level of
accuracy as the differential and algebraic state variables. The
Karush-Kuhn-Tucker (KKT) conditions of the discretized
problem can be shown to be consistent with the variational
conditions of the dynamic optimization problem. Finite ele-
ments allow for discontinuities in control profiles.21

� Collocation formulations allow problems with unstable
modes to be handled in an efficient and well-conditioned
manner. The NLP formulation inherits stability properties of
boundary value solvers.

� Collocation formulations have been proposed with mov-
ing finite elements. This allows the placement of elements
for accurate breakpoint locations of control profiles as well
as accurate DAE solutions.

Dynamic optimization using collocation methods has
been used for a wide variety of process applications, includ-
ing batch process optimization, batch distillation, crystalli-
zation, dynamic data reconciliation and parameter estima-
tion, nonlinear model predictive control, polymer grade
transitions and process changeovers, and reactor design and
synthesis. Moreover, in a number of comparisons, this si-
multaneous method has generally superior performance for
dynamic optimization over competing methods. Addition-
al survey information on this approach can be found in
ref. 21.

Framework for Optimal Operating Policies

Given the process model, a generalized optimization
framework for off-line trajectory planning was implemented.
The optimization is constrained by the plant dynamics, as
well as input and output constraints. The objective function
for the optimization formulation (Eq. 15) becomes:

min y;uF ¼ ���yðy� ydÞ
��2
2
þ ���uDu

��2
2

(16)

This problem formulation was considered for two types of
dynamic optimization problems for optimal process opera-
tion. First, in power tracking, we determine control moves so
that desired load trajectories are tracked. We have deter-
mined control moves for both ramp and step profiles over
various power regimes. We have performed load tracking
studies for over 15 different profiles. Problem formulation
and results are presented in the following sections. Second,
we maximize efficiency while tracking load changes. To facil-
itate this task, we have included an efficiency measure into
the objective function, and we track the same load profiles as

in the previous cases. The primary goal here is to study if
the efficiency of the plant can be improved, while closely
tracking the desired load changes.

For these dynamic optimization problems we present two
load profiles:

Case 1:

PdðtÞ ¼
300; 0 � t , 450 s

300� 2
3
ðt� 450Þ; 450 � t , 900 s

2
3
ðt� 450Þ � 300; 900 � t , 1350 s

300; 1350 � t � 1800 s

8>><
>>:

Case 2:

PdðtÞ ¼

300; 0 � t , 40min

225; 44 � t , 76min

300; 76 � t , 108min

225; 108 � t , 124min

300; 124 � t , 140min

225; 140 � t � 160min

8>>>>>><
>>>>>>:

Power tracking

The objective is to determine inputs so that desired power
trajectories Pd(t) can be tracked optimally. To achieve these
desired trajectories, the five conventional PID loops dis-
cussed in the second section are removed and their corre-
sponding manipulated variables are determined via dynamic
optimization in the following ranges:

For the stack current, a range of 0 � istack � i0, where i0

is the current density at a nominal power of 250 kW. The
HTR bypass is defined through its split fraction: 0 � fHTR �
1, where fHTR ¼ 0 means that the HTR is completely
bypassed and fHTR ¼ 1 means that all flow passes through
the HTR. Likewise, the anode gas oxidizer split-fraction fAGO
is constrained to be between 0 and 1. The split fraction fC60
of the micro-turbine’s terminal voltage Vt is defined as Vt ¼
390 þ 100 fc60. with 0 � fC60 � 1. The electric heater duty
QEHTR is constrained between zero and the heater’s maxi-
mum power output.

We also need to account for the scheduling of certain
stack operating parameters as discussed in the second sec-
tion. Accordingly, the fuel utilization (Uf), the steam-to-car-
bon ratio (S/C), and the cathode inlet temperature (TCI) are
scheduled as a function of current density istack based on fuel
cell stack manufacturer (FuelCell Energy) proprietary data.
We perform a polynomial interpolation on the data and con-
vert each look-up table to a closed form expression. The
cathode inlet temperature has to be within 65.6 K of the
desired value, which is a stringent requirement. The catalytic
oxidizer temperature has to be bounded above by 871 K, and
the micro-turbine has to operate at a speed that is less than
96k RPM. It is important to realize that all these bounds
have to hold at all points in time.

The total power Pnet(t) produced by the plant not only
includes the stack and the micro-turbine contributions but
also includes the power of the electric start-up heater (QEHTR

in Figure 1). The purpose of dynamic optimization is to
determine these five inputs (fHTR, fAGO, QEHTR, istack, and
fC60) to track desired power profiles Pd(t). We do this by
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Figure 4. Results for load tracking for Case 1.

Power, temperatures, and micro-turbine speed constitute the first row of plots. In particular, the total power profile (TOT) consists of the direct
fuel cell (DFC), the electric heater (EL), and the microturbine (MT). The dotted lines in the second plot are the bounds on TCI. The second row
consists of the inputs that have been determined by dynamic optimization, the implementation of which results in the desired load change. The
last row consists of the methane flow rate profile and the overall plant efficiency. [Color figure can be viewed in the online issue, which is avail-
able at www.interscience.wiley.com.]

minimizing a least-squares objective function of the follow-
ing form:

F¼
X40
i¼1

X2
j¼1

ðPnetðtijÞ�PdðtijÞÞ2

þ

100
X40
i¼1

ðfHTRðti1Þ� fHTRðti2ÞÞ2þ100
X40
i¼1

ðf C60ðti1Þ

� f C60ðti2ÞÞ2þ100
X40
i¼1

ðfAGOðti1Þ� fAGOðti2ÞÞ2

þ10�2
X40
i¼1

ðQEHTRðti1Þ�QEHTRðti2ÞÞ2

þ100
X40
i¼1

ðistackðti1Þ� istackðti2ÞÞ2

2
666666666666666664

3
777777777777777775

þ

10�2
X40
i¼1

Xj¼2

j¼1

ðfHTRðtijÞ�1Þ2þ10�2

�
X40
i¼1

Xj¼2

j¼1

ðf C60ðtijÞ�0:5Þ2þ10�2
X40
i¼1

Xj¼2

j¼1

ðfAGOðtijÞ�1Þ2

þ10�2
X40
i¼1

Xj¼2

j¼1

ðistackðtijÞ� i0stackÞ2

2
6666666666664

3
7777777777775

ð17Þ

The first term in this objective is to track the desired
power profile. The second term forces the control variables
to be constant within each temporal finite element, that is,
there is a cost if the controls are not constant within each
mesh. The third set of terms is for regularization purposes.
Regularization removes any non-uniqueness that may be
associated with trajectory planning problems. A 2-point
Radau collocation is used in the formulation of the objective
function, and 40 equally spaced finite elements are
employed.

The resulting NLP (after discretization) has 51,110 varia-
bles and 49,750 constraints for both Cases 1 and 2. The NLP
corresponding to Case 1 was solved in 1917 CPU seconds
(1.4 GHz Pentium M Laptop, 768 MB RAM), and the NLP
corresponding to Case 2 was solved in 125 CPU seconds on
the same machine.

The results of the dynamic optimization (for Cases 1 and
2) are shown in Figures 4 and 5. We have also fed the inputs
predicted by the optimization procedure back to the Simulink
model (which also includes the original PID controllers), and
we were able to obtain an excellent match between the
results of optimization and simulation. This illustrates the
applicability of the proposed dynamic optimization for trajec-
tory planning purposes.

Power tracking with optimized efficiency

The purpose of this study is to show how the dynamic
optimization framework can be extended to track power
while at the same time maximizing the overall plant effi-
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ciency. Plant efficiency is defined as:

ZðtÞ ¼ PnetðtÞ
PfuelðtÞ

where Pnet is the net electric power output and Pfuel is the
fuel’s energy content based on its lower heating value:

PnetðtÞ ¼ Zloss 	 ½Zinv 	 PdcðtÞ þ PturbineðtÞ� � QEHTRðtÞ

PfuelðtÞ ¼ _NfuelðtÞ 	MWfuel 	 LHVfuel

where Zloss models parasitic losses for blowers and pumps,
and Zinv is the inverter efficiency. In the second equation,
_NfuelðtÞ is the fuel’s molar flowrate, MWfuel is the fuel’s mo-
lecular weight (16 g/mol for methane), and LHV is the fuel’s
lower heating value (50.0 kJ/g for methane). Clearly we
want the efficiency to be as close to one as possible. This
implies that Pnet(t) should be as close to 800 � _Nfuel as possi-
ble, that is:

X40
i¼1

X2
j¼1

Pnetðti;jÞ � 800 � _Nfuelðti;jÞ
� �2

To simultaneously track power, the above term is
appended to the objective function for the previous case (Eq.
17) using an appropriate weight e. In Figure 6 we study the
effect of this weight on the solution and determine that a
weight of e ¼ 10�3 is the best trade-off between maximizing

efficiency and tracking the desired power profile. Thus, we
have incorporated an efficiency measure into the dynamic
optimization problem. We have resolved Cases 1 and 2 with
this efficiency measure and the results are shown in Figures
7 and 8. The resulting NLP (after discretization) has 51,110
variables and 49,750 constraints for both Cases 1 and 2. The
NLP corresponding to Case 1 (with the efficiency term) was
solved in 2323 CPU seconds, and the NLP corresponding to
Case 2 (with the efficiency term) was solved in 2729 CPU
seconds.

Adding this efficiency term can increase the efficiency of
the whole plant and, at the same time, track the desired
power profile closely. This can be seen, for instance, by com-
paring Figure 5 with Figure 8. With the added power mini-
mization term, the efficiency increases by 2.7% under full
load (from 58.4% to 60%) and by 16% under part load (from
53.5% to 62%).

Optimization Framework for
State Estimation

The optimization framework described in the second and
third sections can also be used directly to estimate unmeas-
ured inputs and model parameters from measured inputs and
outputs using a moving horizon framework. Such moving
horizon estimation (MHE) strategies work directly with the
nonlinear dynamic model and have been shown to outper-
form conventional state estimation schemes.22

In an analogy to optimization-based control strategies, we
again formulate a least squares objective function that is

Figure 5. Results for load tracking for Case 2.

Power, temperatures, and micro-turbine speed constitute the first row of plots. In particular, the total power profile (TOT) consists of the
direct fuel cell (DFC), the electric heater (EL), and the microturbine (MT). The dotted lines in the second plot are the bounds on TCI. The
second row consists of the inputs that have been determined by dynamic optimization, the implementation of which results in the desired
load change. The last row consists of the methane flow rate profile and the overall plant efficiency. [Color figure can be viewed in the
online issue, which is available at www.interscience.wiley.com.]
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applied to the dynamic process model. To evaluate this frame-
work and to explore future directions, we consider composi-
tion estimation studies in this section. In the third section, we
assumed that pure methane is available as fuel. More often,
the fuel does not contain pure methane, but a mixture of meth-
ane and other gases. In this study, we consider digester gas,
which is a mixture of methane and carbon-dioxide. Typically,
the fraction of methane in the digester gas is unknown and
subject to change. Research in this direction has focused on

dynamic optimization methodologies for estimation of the
composition of the digester gas. It is critical to determine the
fraction of methane as it has a direct effect on the plant effi-
ciency, the operation of the oxidizer, and the stack durability.
For control of the steam-to-carbon ratio, only the methane
content has to be considered. We also determine which quanti-
ties need to be measured to estimate the composition.

For this optimization formulation, we will assume that the
unmeasured quantities are observable and rely on standard

Figure 6. Efficiency and tracked power plots for different weights (for efficiency in the objective function) for Case 1.

The weight 10�3 appears to strike the best compromise between an improvement in efficiency and tracking the desired power profile. We
have also observed this with several test examples, and as a result will continue to use this weight for future efficiency studies. [Color figure
can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 7. Results for load tracking for Case 1 with the efficiency term included in the objective function (e 5 10�3).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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observability measures for this analysis.23 While these meas-
ures are developed for linear systems and may be difficult to
apply to nonlinear systems, we note that the IPOPT frame-
work allows us to check the observability assumption based
on nonsingularity of the KKT matrix at the NLP solution.
This allows us to verify whether the unmeasured inputs and
parameters are determined uniquely.20

Composition estimation studies—MHE problem
formulation

The objective of this estimation is to determine methane
composition (in digester gas) profiles from available data. A
second objective is to determine which quantities should be
measured so that the quality of the estimated composition pro-
files is satisfactory. The inclusion of digester gas as the fuel
source, as compared to pure methane in the third section,
means that the previously used plant model must be modified.

For this input estimation problem, we consider a time win-
dow where digester gas at an unknown composition of meth-
ane flows into the system. Let d0(t) represent the methane
composition profile. The estimation problem is posed over
this window of time. Either due to prior knowledge or due to
information gathered over previous estimation windows, one
can assume a predicted concentration profile (typically a con-
stant). Let d̂(t) be the predicted methane composition profile.
The methane fraction in digester gas lies typically between
0.5 and 0.7. Based on this, we have set d̂(t) ¼ 0.6 in this
study. Given the manipulated current density profile istack(t),
we calculate the theoretical (ideal) methane flow-rate _N

	

CH4
ðtÞ

that has to go into the plant. If we now divide the theoretical
methane flow-rate by the predicted methane composition
d̂(t), then we arrive at a predicted digester gas flow-rate. Di-

gester gas at this predicted flow-rate is fed to the plant. But
the composition of methane may differ from the predicted
concentration; and as a result, the methane flow-rate actually
fed to the plant _NCH4

ðtÞ is given by:

_NCH4
ðtÞ ¼ _N	

CH4
ðtÞ d0ðtÞ

d̂ðtÞ (18)

Depending on how well the actual and the predicted meth-
ane compositions match, more or less methane could be fed to
the plant. This could adversely affect the performance and the
stack durability. As a result, there is a need to estimate d0(t)
(which is equivalent to estimating _NCH4

ðtÞ). Ideally, this
should be done in an on-line manner. In this study, we demon-
strate only the proof-of-concept by showing that such an esti-
mation can indeed be performed. While we are not concerned
here with computational efficiency, we demonstrate this
approach by formulating and solving an off-line dynamic opti-
mization based estimation procedure that estimates the compo-
sition profile from available data over an estimation horizon.

Obtaining data

The data used for estimation are obtained from simulations,
with known methane composition profiles. We start by includ-
ing the equation for _NCH4

ðtÞ (Eq. 18) and other associated
modifications in the original dynamic model of the plant.
With a given methane composition profile d0(t), we deter-
mine optimal input profiles i*stack(t), f*HTR(t), f*AGO(t), and
f*C60(t) so that the total power tracks 250 kW over the entire
time window (15 min). This can be achieved by using the
dynamic optimization framework as in the third and fourth

Figure 8. Results for load tracking for Case 2 with the efficiency term included in the objective function (e ¼ 10�3).

The last row consists of the methane flow rate profile and the overall plant efficiency plot for this case. We can see a clear improvement in
efficiency over the results in Figure 5. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

470 DOI 10.1002/aic Published on behalf of the AIChE February 2007 Vol. 53, No. 2 AIChE Journal



sections. To estimate d0(t), we choose total power, as well as
stack, oxidizer outlet, and anode inlet temperatures as candi-
dates for measured variables. The optimal profiles of these
quantities (after adding noise) are then used as measure-
ments. For purposes of testing the estimation procedure, we
have obtained data for a time-varying methane composition
profile shown in the top-left-hand-corner plot in Figure 9.

Estimation problem

In an on-line setting, the estimation and the control prob-
lems are separate, and we try to mimic the same arrangement
in our estimation case studies. The estimation window is
chosen to be 15 min, and over this horizon we have access
to measurement data. The objective of the estimation prob-
lem is to determine an estimate (D0(t)) of the true methane
composition profile, d0(t). The estimate should be such that it
minimizes the mismatch between model predictions and
measured data, and we formulate this as a least-squares
objective function:

min
D0ðtÞ

X
q2Q

wq

X40
i¼1

X2
j¼1

ZqðtijÞ � Zmeas
q ðtijÞ

� 	2

þ wreg

X40
i¼1

X2
j¼1

ðD0ðtijÞ � 0:6Þ2

s:t: DynamicModel of the Plant ð15Þ

(19)

Here Zq are the measured variables, with q [ Q; Q is the
set of measured variable indices. The first term is the stand-

ard least-squares objective function used in estimation prob-
lems. We assume we have access to data at all the colloca-
tion points, ti,j. The second term in the objective is a regula-
rization term for the estimate, to enforce good conditioning
of the problem. The weight wreg is typically small (;10�3).
At this point, it is important to note that since the control
and estimation problems are decoupled, the input variables
istack(t), fHTR(t), fAGO(t), and fC60(t) that were used in the
optimization of the dynamic model are set equal to i*stack(t),
f*HTR(t), f*AGO(t), and f*cap(t), respectively. So the only
unknown in the dynamic plant model is D0(t), and it is cho-
sen so that the least-squares objective function is minimized.
The resulting NLP (after discretization) has 47,670 variables
and 46,550 constraints.

Case studies

For the prescribed methane profile data, we choose five
possible candidates for the set of measured variables. Figure
9 corresponds to the case where the measured variable is
total power, that is, Q ¼ {Pnet}. This shows that choosing
the total power as the only measured variable is sufficient for
the estimation procedure to function reasonably well.

Nevertheless, from structural considerations of the DAE
system, we note there are a number of consequences of mea-
surement-parameter relations. For instance, if power is the
only output, then the estimated methane composition tracks
not only this measurement but also the noise associated with
this measurement. Thus, the noise level seems high and there
is some mismatch in the stack temperature profiles (Figure 9).
The reason for the noisy estimated methane profile is due to

Figure 9. Plots comparing the results of the composition estimation procedure for a step composition profile.

The total power [kW] is the only measured variable (wpower ¼ 10�2 and wreg ¼ 10�3). We can see that there is a very reasonable agreement
between the actual and the estimated methane composition profiles. Also shown (although not used for estimation) are the measured and esti-
mated stack and oxidizer temperatures. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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a highly algebraic structural relationship in Eq. 4. For in-
stance, when power is measured and current density is
known, then the cell voltage is calculated immediately.
Moreover, because the relationship between the cell voltage
and composition of the various components is given by a set
of mostly-algebraic equations (that is, without dynamics),
then the cell voltage and, as a result, the composition of the
components going into the stack, can track the noise levels
in the measured power directly. Adding more measurements
mitigates the effect of this algebraic structure, by adding
dynamic lags that smooth the noise. To demonstrate this,
Figure 10 shows that the addition of the stack, oxidizer out-
let, and anode inlet temperatures reduces the noise level in
the estimated profile and produces a good match between the
measured and the calculated variable profiles. Choosing
measured variables for parameter estimation is also governed
by a number of other considerations. A more thorough inves-
tigation is discussed in the next section and left for future
work.

Conclusions

An optimization based framework to determine optimal
operating policies for hybrid fuel cell/gas turbine power sys-
tems has been developed. The approach considers a dynamic
model of the system, reformulated as an index 1 DAE. The
system model is discretized using Radau collocation (a high
order implicit Runge-Kutta method) and formulated in the

AMPL modeling environment. This allows for the straight-
forward solution of a dynamic optimization problem using
large-scale nonlinear programming (NLP) solvers; the
IPOPT solver was used for this project. Program links were
provided to Matlab/Simulink to visualize and interpret the
results.

The approach was demonstrated for the optimization of
operating conditions, especially in tracking load changes and
also with efficiency measures included as part of the optimi-
zation model. Results from 18 cases showed that the
dynamic optimization could be performed quickly with
excellent results. The optimization framework was also dem-
onstrated for the estimation of feed fuel concentrations. This
provides a demonstration of the dynamic optimization formu-
lation for state and parameter estimation problems for this
fuel cell based process.

The results described in this work demonstrate that the
optimization framework can be used for a wide variety of
applications, including:

� Optimal policies for different operating scenarios
� Maximizing efficiencies for transient and steady state

operation
� Optimal rejection of disturbances
� Estimation of unmeasured disturbances, process faults,

and drifting model parameters
A number of issues also need to be explored for future

work. In particular, several improvements can be made in the
optimization framework. Because the process model leads to

Figure 10. Plots comparing the results of the composition estimation procedure when using three additional meas-
urements.

The total power [kW], as well as the stack, oxidizer outlet, and anode inlet temperatures [K] are the measured variables (wT ¼10�2, wP¼ 10�2, and wreg ¼ 10�3). We can see that there is a very good agreement between the actual and the estimated methane composition
profiles. The other quantities (in particular, the stack temperature) also agree well with the measured data. [Color figure can be viewed in
the online issue, which is available at www.interscience.wiley.com.]
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a highly nonlinear formulation, improvements can be made
in modeling non-smooth terms and poorly behaved functions
(such as square roots, logarithms) and complementarity con-
ditions. In this work, considerable care was taken in formu-
lating these terms. However, with further experience, addi-
tional improvements can also be implemented, including a
systematic and automatic initialization of the NLP problem.
In addition, the on-line implementation of this optimization
strategy will be realized within a moving horizon framework
as a flexible general-purpose nonlinear model predictive con-
troller. With the addition of more efficient initialization strat-
egies for the dynamic optimization, computational times can
be further reduced. Moreover, this approach can directly le-
verage recent computational advances in this area, both for
nonlinear MPC24 and moving horizon estimation.25 Also, the
model in this study has well-characterized parameters with
little uncertainty. Nevertheless, as the model is refined and
additional parameters and uncertain inputs are added, off-line
dynamic optimization can be extended to consider sensitivity
studies as well as robust optimization formulations, as
described in ref. 26.

Similar improvements can be realized in the related task
of on-line identification. As mentioned above, we assume
that the set of outputs is chosen so that the desired param-
eters are observable. However, the appropriate choice of
outputs for parameter estimation depends on a number of
factors:
� Referring to Eq. 19, an obvious metric in choosing outputs
is to maximize the information, as defined by log(det(V)),
where V is the covariance of the estimated parameters. If the
measurements have independent errors, we can represent this
covariance to a first approximation by:

VðpÞ ¼
X
q2Q

ðsqÞ2
X
ij

qZqðtijÞ
qp

� �
qZqðtijÞ
qp

� �T
" #�1

(20)

Two observations follow immediately. First, the information
content increases with the number of measurements. Second,
the dominant terms in the outer summation correspond to
those measurements with the most influence on the informa-
tion content. Therefore, the choice of the best measurement
can be based on the dominant term in the outer summation
in Eq. 20.
� Another approach to assessing an appropriate choice of
measurements would be through the construction of a Luen-
berger observer or extended Kalman filter.23 While this
approach is limited to only linearized models, and can only
lead to approximate parameter estimates, it can still serve as
a metric to choose good measurements. Here one could
rewrite the linearized dynamic model with parameters as
additional states, described by the equations: ṗ ¼ 0. Coupled
with the controller, outputs can be chosen so that the best es-
timator can be designed to converge quickly to a desirable
set of parameters. For linear models, this can be done inde-
pendently of the controller design.

In summary, the application of an efficient simultaneous
dynamic optimization approach has led to an efficient and
effective strategy to determine optimal operation strategies.
Our planned future work will directly lead to superior on-
line estimation and control strategies as well.
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